Abstract. It is shown that standard universal dendrites under the action of their group of homeomorphisms give rise to small Polish structures. Moreover, any non-singleton dendrite forming a small Polish structure (or, more generally, having at least one uncountable orbit) under the action of its group of homeomorphisms has N M-rank 1. Finally, dendrites satisfy the existence of nm-independent extensions.
Introduction and basic notions
In [K10] the definition of a Polish structure is given as a pair (X, G) , where G is a Polish group acting faithfully on the set X in such a way that the stabilisers of singletons are closed.
If (X, G) is a Polish structure and A ⊆ X, denote by G A the pointwise stabiliser of A. A Polish structure (X, G) is small if for every n ≥ 1 there are only countably many orbits of the action of G on X n . In particular, in an uncountable small Polish structure there are uncountable orbits.
The following is implicitly used in [K10] .
Lemma 1.
A Polish structure (X, G) is small if and only if for any a 1 , . . . , a n ∈ X, the action of G {a 1 ,...,a n } on X has countably many orbits.
Proof. Suppose the action of G {a 1 ,...,a n } on X has uncountably many orbits and let K be a transversal for the orbit equivalence relation. Then all elements of {(a 1 , . . . , a n , k)} k∈K are in different orbits of the action of G on X n+1 . Conversely, suppose the action of G on some X n+1 has uncountably many orbits and let n be minimal with this property. If n = 0, then there is nothing more to prove, so assume n > 0. As the actions of G on X n and on X have countably many orbits, there are a 1 , . . . , a n , b ∈ X such that G(a 1 , . . . , a n ) × Gb contains uncountably many orbits of the action of G on X n+1 . Since each such orbit contains an element of the form (a 1 , . . . , a n , c), it follows that the action of G {a 1 ,...,a n } on X has uncountably many orbits.
Though the definition of a Polish structure (X, G) does not require X to be a topological space, an important class of Polish structures is obtained when X is a compact metric space and G is the group of homeomorphisms of X equipped with the compact-open topology and acting on X in the natural way. Among compact metric spaces, dendrites constitute some of the simplest examples: a dendrite is a compact, connected, locally connected metric space that does not contain simple closed curves. Definitions and basic properties about dendrites can be found in [N92] ; those most needed in this paper are collected in section 2, for further reference.
This note investigates Polish structures of the form (D, G), where D is a dendrite and G its group of homeomorphisms acting on D in the natural way; when metric considerations will involve the group G, the supremum distance on G is subsumed. A dendrite D will be said to be small if the Polish structure (D, G) Let (X, G) be a Polish structure, a = (a 1 , . . . , a n ) ∈ X n , and let A ⊆ B be finite subsets of X. According to [K10] , we say that a is nm-dependent on B over A if {g ∈ G A | g a ∈ G B a} is meagre in G A ; otherwise, a is nm-independent from B over A. Using this, define a function N M from the set of pairs ( a, A), with a in some X n and A a finite subset of X, to the ordinals satisfying N M( a, A) ≥ α + 1 if and only if there is a finite B with A ⊆ B ⊆ X such that a is nm-dependent on B over A and N M( a, B) ≥ α. The N M-rank of (X, G) is the supremum of all N M(a, ∅), for a ranging in X. Actually in [K10] this definition is given only in the case of Polish structures admitting nm-independent extensions, to grant some good properties of N M-ranks; the notation employed here differs slightly from the one used there.
In section 3 it will be shown that the so-called standard universal dendrites are small. Section 4 will establish that whenever D is a dendrite with at least one uncountable orbit, then its N M-rank is 1. In section 5 it will be proved that any dendrite D admits nm-independent extensions: this means that for any a ∈ D n and finite subsets A, B ⊆ D with A ⊆ B, there is b ∈ G A a such that b is nm-independent from B over A.
Review of dendrites
For convenience, this section collects some definitions, properties and notation of dendrites that will be used in the sequel. A reference or a sketchy justification is also provided.
( 
But then the arc-connectedness of U and V yields at least two arcs joining p and q. 
Standard universal dendrites are small
Following [CD94] , if J is a non-empty subset of {3, 4, . . . , ω} let D J be the unique (up to homeomorphism) dendrite such that:
The dendrite D J has the following universality property: if D is any dendrite such that ∀x ∈ D ∃n ∈ J ord(x, D) ≤ n, then there is a subset of D J homeomorphic to D. This section (Lemma 3 through Theorem 7) is intended to establish the following result.
Theorem 2. The Polish structure (D J , G), where G is the group of homeomorphisms of D J acting on it in the natural way, is small.
To begin with, a standard back and forth argument gives the following. 
Proof. Lemma 3 gives homeomorphisms
Since for every ε ∈ R + all but finitely many D un have diameter less than ε, function ϕ is continuous.
Lemma 5. Let a be an end point of
Function ϕ is a homeomorphism, similarly to the proof of Lemma 4.
Corollary 6. Let X, Y both be homeomorphic to
Then ϕ is a homeomorphism, since for any ε ∈ R + the diameters of H n and K n are eventually less than ε. Proof. It can be assumed that n ≥ 2. Let T be the smallest subcontinuum of D J containing a 1 , . . . , a n . So T is a subtree of D J ; notice that E(T ) ⊆ A. By enlarging A, if necessary, it can also be assumed that R(T ) ⊆ A. Let E 1 , . . . , E m be subarcs of D J such that, letting u l , v l be the end points of E l :
• u l , v l ∈ A for all l;
• each element of A is an end point of some E l ;
• if l = l , then E l , E l intersect at most at one of their end points;
The statement will be proved by establishing the following claim.
Claim. The orbits of D J under the action of H are:
Proof of claim. First notice that these sets are invariant under the action of H and their union is D J . It remains to show that for any pair x, y of points in each of these, there is ϕ ∈ H with ϕ(x) = y. 
Again, by the vanishing of the diameters of the r −1 T ({z}) the continuity of ϕ follows.
Ranks of dendrites
Fix a dendrite D and denote by G its group of homeomorphisms. The goal of this section is to show that if D has at least one uncountable orbit (in particular, if D is small), then the N M-rank of (D, G) is 1.
Recall from [K10, Theorem 2.5(3)] that points a ∈ Acl(A), that is, points whose orbits are countable under the action of G A for some finite A, are nm-independent from B over A for any finite B with A ⊆ B. Consequently, if the orbit of a under G is countable, then N M(a, ∅) = 0. In particular, this holds for branch points of D. So it will be enough to compute N M(a, ∅) when a ∈ D is such that ord(a, D) particular N M( a, A) 
Lemma 10. Let a ∈ E(D) and let B be a finite subset of D with a /
∈ B. Then {g ∈ G | g(a) ∈ G B a} contains a neighbourhood of the identity; in particular, a is nm-independent from B over ∅.
Proof. If a is isolated in Ga, let ε ∈ R + be such that there is no other point of Ga within ε of a. Then {g ∈ G | g(a) ∈ G B a} contains the open sphere in G centered in the identity and radius ε. So assume a is not isolated in Ga.
Let T be the smallest subtree of D containing B. Denote p = r T (a). Let C be a subdendrite of D such that C is a neighbourhood of a with diameter less than d (a, p) and the boundary of C in D has exactly one element, say q. Then q ∈ A -the open ball centered in p and radius ε is disjoint from C. Fix any homeomorphism f of D less than ε apart from the identity, in order to show
Moreover, any arc having an end point in K and the other in D \ (K ∪ K ) has c as a unique common point 
• the ε-neighbourhood of p 1 is included in r as \ {a} are not limits of a sequence of branch points, whereas a is such a limit, the equality f (a) = a is obtained. So f (a) ∈ G B a. Proof. By Corollaries 11, 13 and the initial remark about points whose orbits are countable.
Existence of independent extensions
One of the reasons for the importance of small Polish structures is that they satisfy the existence of nm-independent extensions: if the Polish structure (X, H) is small, a ∈ X n , and A, B are finite subsets of X with A ⊆ B, then there exists b ∈ H A a such that b is nm-independent from B over A. The proof of this is in [K10] , together with the discussion of its significance and examples of non-small Polish structures that admit (or do not admit) nm-independent extensions.
The situation for dendrites is that they do satisfy this property, even non-small ones. So this section is concerned with proving the following theorem, which exploits again arguments such as those in Lemmas 10 and 12. 
The existence of b can be justified as follows: let i 0 be least such that G A a i 0 is uncountable but a i 0 ∈ B; then arbitrarily close to the identity there are elements of G A that move a i 0 . By finiteness of B, it is possible to pick g ∈ G A so that g(a i 0 ) / ∈ B and, if a j / ∈ B, then g(a j ) / ∈ B. Now g a has at least one component less than a having uncountable G A -orbit and belonging to B. Continuing this way, the tuple b is recovered. Now the aim is to show that b is nm-independent from B over A.
Let ε > 0 be less than all distances between pairwise distinct elements of B ∪ {b 1 , . . . , b n }. By (5) 
